Abstract. The paper presents results of FE simulations of the concrete behaviour under quasi-static and dynamic loading. For quasi-static cyclic analyses, an enhanced coupled elasto-plastic-damage constitutive model has been used. To take the effect of the loading velocity into account, viscous and inertial terms have been also included. To ensure the mesh-independence and to properly reproduce strain localization in the entire range of strain rates, a constitutive formulation has been enhanced by a characteristic length of micro-structure by means of a non-local theory. Numerical results have been compared with some corresponding laboratory tests.
Introduction
A fracture process is a fundamental phenomenon in quasibrittle materials like concrete [1] . At the beginning of the loading, regions with several micro-cracks are formed. Later these micro-cracks create macro-cracks. Thus, a fracture process is subdivided in general into two main stages: appearance of narrow regions of intense strain deformation with a certain volume (including micro-cracks) and occurrence of discrete macro-cracks [2] . Within continuum mechanics, strain localization can be numerically captured by a continuous approach and discrete macro-cracks by a discontinuous one. Usually, to describe the fracture behaviour of concrete, one approach is used. However, in order to describe the entire fracture process, a continuous approach should be connected with a discontinuous one [3] . The description of fracture is crucial to evaluate the material strength at peak and in the post-peak regime. Fracture strongly depends among others on the loading type (monotonic or cyclic), loading velocity (quasi-static or dynamic) and moisture level. Thus, concrete is a highly rate-dependent material [4] [5] [6] .
The aim of our research works is to develop a reliable phenomenological constitutive model for concrete under dynamic loading for practical engineering applications. The results in the paper show: 1) the capability of a coupled elasto-plasticdamage continuum model to describe a quasi-static monotonic and cyclic concrete behaviour at macro-level and 2) the capability of an elasto-visco-plastic continuum model to describe the concrete behaviour under dynamic conditions at macro-level (micro-structural phenomena at aggregate level during fracture were not considered). The constitutive models were enhanced by a characteristic length of micro-structure by means of a non-local theory in order to capture strain localization. Numerical results were compared with some corresponding laboratory tests.
Constitutive model for concrete under quasi-static conditions
An analysis of concrete elements under cyclic loading is complex mainly due to their stiffness degradation caused by cracks [7] [8] [9] . To take into account a reduction of the concrete strength, irreversible (plastic) strains and stiffness degradation, a combination of plasticity and damage theories is physically very appealing since plasticity considers the first two properties and damage takes into account a loss of the material strength and the stiffness deterioration. An improved coupled elasto-plastic-damage model has been proposed based on the formulation by Pamin and de Borst [10] , which combines elasto-plasticity with a scalar damage assuming a strain equivalence hypothesis. The elasto-plastic deformation has been defined in terms of effective stresses according to a general relationship
wherein F -the plastic failure function defined in effective stresses σ eff ij , σ y -the uniaxial tension yield stress, and κ p -the hardening/softening parameter equal to the plastic strain in uniaxial tension/compression. Two criteria were used in a plastic regime: the linear Drucker-Prager criterion with a non-associated flow rule in compression and the Rankine criterion with an associated flow rule in tension [11] [12] defined by effective stresses
The yield surface based on a linear Drucker-Prager criterion was assumed in the following form
where q -the Mises equivalent deviatoric stress, p -the mean stress and ϕ -the internal friction angle. The material hard- * e-mail: irek@pg.gda.pl ening/softening has been defined by the uniaxial compression stress σ yc (κ 1 ), wherein κ 1 is the hardening-softening parameter. A simplified linear Drucker-Prager criterion is not usually suitable in a compression regime if high pressure is concerned, because it is not able to correctly describe a pressure sensitivity of concrete materials (a curved criterion should be used). The flow potential was
with the dilatancy angle ψ = ϕ. In turn, in the tensile regime, a Rankine criterion was used including a yield function f 2 with isotropic softening defined as [11, 12] 
where σ i -the principal stresses, σ yt -the tensile stress and κ 2 -the softening parameter. Next, the material degradation has been calculated within damage mechanics, independently in tension and compression based on the equivalent strain measure by Mazars [13] (ε i -principal strains)
In tension, the standard exponential evolution function was chosen for the damage parameter D
wherein α and β are the material parameters. In turn, in compression, the function proposed by Geers [14] was adopted for the damage parameter evolution
where η 1 , η 2 and δ are the material constants. Equation (6) contributes to a differentiation of the stiffness degradation under tension and compression. Thus, damage under compression starts to develop later than under tension (that is consistent with experiments). The stresses were obtained according to
with the term '1-D' defined as follows [15] (
and with two splitting functions s c and s t
The factors a t and a c are the scale factors and w σ eff denotes the stress weight function which may be determined with the aid of principal effective stresses [16] 
For relatively simple cyclic tests (e.g. uniaxial tension or bending), the scale factors a t and a c can be equal to a t = 0 and a c = 1, respectively. Thus, the splitting functions are: s t = 1 and s c = w σ eff . For uniaxial loading cases, the stress weight function becomes
Thus, under pure tension the stress weight function w = 1 and under pure compression w = 0. Our constitutive model with a different stiffness in tension and compression and a positive-negative stress projection operator to simulate crack closing and crack re-opening is thermodynamically consistent. It shares main properties of the model by Lee and Fenves [16] , which has been proved not to violate thermodynamic principles (plasticity is defined in the effective stress space, isotropic damage is used and the stress weight function is similar). Moreover, Carol and Willam [17] showed that for damage models with crack-closing-re-opening effects included, only isotropic formulations did not suffer from spurious energy dissipation under non-proportional loading (in contrast to anisotropic ones).
Our local coupled elasto-plastic-damage model requires the following 10 material constants E, ν, κ 0 , α, β, η 1 , η 2 , δ, a t , a c and two hardening yield stress functions (the function by Rankine in tension and by Drucker-Prager in compression). If the tensile failure prevails, one yield stress function by Rankine can be used only. The quantities σ y (presents in the hardening function) and κ 0 are responsible for the peak location on the stress-strain curve and a simultaneous activation of a plastic and damage criterion (usually the initial yield stress in the hardening σ y0 = 3.5-6.0 MPa and κ 0 = (8-15)×10
−5 under tension). The shape of the stressstrain-curve in softening is influenced by the constant β in tension (usually β = 50-800), and by the constants δ and η 2 in compression (usually δ = 50-800 and η 2 = 0.1-0.8).
The parameter η 2 influences also a hardening curve in compression. In turn, the stress-strain-curve at the residual state is affected by the constant α (usually α = 0.70-0.95) in tension and by η 1 in compression (usually η 1 = 1.0-1.2). Since the parameters α and η 1 are solely influenced by high values of κ, they can arbitrarily be assumed for softening materials. Thus, the most crucial material constants are σ y0 , κ 0 , β, δ and η 2 . In turn, the scale factors a t and a c influence the damage magnitude in tension and compression. In general, they vary between zero and one. There do not exist unfortunately the experimental data allowing for determining the magnitude of a t and a c . Since, the compressive stiffness is recovered upon the crack closure as the load changes from tension to compression and the tensile stiffness is not recovered due to compressive micro-cracks, the parameters a c and a t can be taken for the sake of simplicity as a c = 1.0 and a t = 0 for many different simple loading cases as e.g. uniaxial tension and bending. The equivalent strain measure can be defined in terms of total strains or elastic strains. The drawback of the presented formulation is the necessity to tune up constants controlling plasticity and damage to activate an elasto-plastic criterion and a damage criterion at the same moment. As a
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consequence, the chosen initial yield stress σ y0 may be higher than this obtained directly in laboratory simple monotonic experiments. The material constants E, ν, κ 0 , α, β, η 1 , η 2 , δ and two hardening yield stress functions can be determined for concrete with the aid of two independent simple monotonic tests: uniaxial compression test and uniaxial tension (or 3-point bending) test. However, the determination of the damage scale factors a t and a c requires one full cyclic compressive test and one full cyclic tensile (or 3-point bending) test.
Constitutive model for concrete under dynamic conditions
The concrete behaviour under both tension and compression strongly depends on the prescribed strain rate. The structural concrete resistance increases when the strain rate increases [18] due to 2 main reasons: inertia forces of micro-cracking and viscosity of free water in the capillary concrete system [18] [19] [20] [21] [22] [23] [24] [25] [26] . The first phenomenon is strongly affected by concrete fragmentation at high loading velocities [27, 28] . The material brittleness decreases and material fragmentation increases with increasing strain rate. During impact loading, the material post-peak behaviour can be very different [23] .
The concrete strength after drying is less sensitive to loading rate. Two different phases in the strength increase can be distinguished in compression and tension tests. In compression, the first phase corresponds to the strain rateε < 10 −1 1/s (it leads to the maximum 1.5 -time increase of the compressive strength) and the second one toε ≥ 10 −1 1/s (it leads to the maximum 3-times increase of the compressive strength). In tension, two distinct phases also happen in the tensile strength increase. Atε = 10 0 1/s, the tensile strength is e.g. 2-times higher and atε = 10 2 1/s is even 9-times greater. Consequently, the understanding the concrete behaviour within a very wide range of strain rates is fundamental. The concrete behaviour is experimentally at very high strain rates very difficult to be investigated since several different failure modes simultaneously at the macro-and meso-level occur.
An elastic-visco-plastic concrete model was developed based on an elasto-plastic criterion (the Drucker-Prager criterion in compression and Rankine criterion in tension, Sec. 2) enhanced by viscosity incorporated via the Duvaut-Lions overstress approach [29] (the stress state was allowed to remain outside the yield surface). The visco-plastic strain rate and hardening parameter were assumed aṡ
where τ is the material parameter usually called relaxation time, σ and κ are stress tensor and hardening/softening parameter of an inviscid material. The visco-plastic strain rate in Eq. (14) was simply equal to the difference between true stresses and stresses obtained in an inviscid material. The partition of the total strain rate into an elastic strain rate and a visco-plastic strain rate was assumeḋ
Such formulation allowed for a smooth transition from an inviscid to a viscous case (in contrast to an elasto-viscousplastic approach by Perzyna [30] ). A yield surface with an apex or a non-smooth surface could be used that was not possible in the model by Perzyna [30] , wherein a yield surface had to be smooth with continuous stress derivatives in order to uniquely determine the direction of a visco-plastic strain rate. The first resolution of constitutive equations was carried out by considering the material as a rate-independent one, so the plastic stress tensor σ and the hardening variable κ could be determined. In the second phase, the rate-dependency was incorporated with Eqs. (14) and (15). Finally, one obtained the updated viscoplastic stress Eq. (17) and the updated viscoplastic rate parameter Eq. (18) integrated over the time step ∆t (from t up to t + ∆t)
and
A visco-plastic model by Duvant-Lions is quite convenient to be implemented, since a visco-plastic solution is the update of an inviscid solution [4] . A visco-plasticity produces in field equations a material length as a product of the elastic wavespeed times the relaxation time [29] . A local elasto-viscoplastic model requires the following four material constants to capture the elastic and plastic behaviour: E, ν, ϕ, ψ and two hardening/softening yield stress functions (the function by Rankine in tension and by Drucker-Prager in compression). These parameters can be easily determined with the aid of two independent simple monotonic tests for concrete: uniaxial compression test and uniaxial tension (or three-point bending) test. The determination of the viscous parameter τ requires several dynamic uniaxial compression and tension tests to capture the evolution of the strength increase factor at various strain rates.
Modelling of strain localization
To describe properly strain localization, to preserve the wellposedness of the boundary value problem, to obtain FE-results free from spurious discretization sensitivity and to capture a deterministic size effect (dependence of the nominal strength on the structure size), a integral-type non-local theory was used as a regularization technique [31] [32] [33] . It takes advantage of a weighted spatial averaging of a suitable state variable over a neighbourhood of each material point. Thus, a state variable at a certain material point depends not only on the state variable at the point but on the distribution of the state variable in a finite neighbourhood of the point considered (the principle of a local action does not hold -a non-local interaction takes place between any two points). It has a physical motivation due to the fact the distribution of stresses in the interior of concrete at meso-scale is strongly non-uniform due to the presence of different phases (aggregate, cement matrix and bond). Polizzotto et al. [34] laid down a thermodynamic consistent formulation of non-local plasticity. In turn, Borino et al. [35] and Nguyen [36] proposed a thermodynamic consistent formulation of non-local damage. Usually, in elasto-plastic formulations, it is sufficient to achieve mesh-independent FE results to treat non-locally one state variable controlling material softening (e.g. non-local softening parameter), whereas stresses, strains and other variables remain local [32, 37] . Similarly, in isotropic scalar damage models, it is sufficient to treat a variable describing material degradation as a non-local one [11] . However in other damage formulations, this variable has to be carefully chosen because a wrong choice can cause problems with energy dissipation leading to mesh-dependent FE solutions [38, 39] . When using a coupled elasto-plastic damage model with non-local softening (Sec. 2), the non-locality was applied to damage (since softening was not allowed in elasto-plasticity). The equivalent strain measure in Eq. (6) was replaced by its nonlocal counterpart:
where x a k -the coordinates of the considered (actual) point, x k -the coordinates of the surrounding points, r -the distance between material points, ω -the weighting function and V -the body volume. In the case of an elasto-visco-plastic model (Sec. 3), the rates of the inviscid softening parameter κ (Eq. (15)) were averaged according to the schema by Brinkgreve [32] 
Since the rate of the softening parameter is not known at the iteration beginning, some extra sub-iterations are required to solve Eq. (20) [40] . To simplify the calculations, the non-local rates were replaced by their approximations dκ est i calculated based on the known total strain rate [32] 
The FE results show an insignificant influence of the calculation method of plastic rates of the non-local softening parameter [37] . In addition, an approximate method proposed by Brinkgreve [32] in Eq. (20) is less time consuming (by ca.30%).
As a weighting function ω 0 (called also an attenuation function or a non-local averaging function), the Gauss distribution was assumed [33] 
where the parameter l c is a characteristic length of microstructure, r is a distance between two material points and c g denotes a normalizing factor equal to
(2D case) and π √ πl 3 c (3D case). The averaging in Eq. (22) is restricted to a small representative area around each material point (the influence of points at the distance of r = 3 × l c is only of 0.01%). A characteristic length is usually related to the micro-structure of concrete represented by the aggregate size. It is usually determined with an inverse identification process of experimental data. However, the determination of a representative characteristic length of micro-structure l c is very complex in concrete since the strain localization can include a mixed mode (tensile zones and shear zones) and a characteristic length (which is a scalar value) is related to the fracture process zone with a certain volume which changes during a deformation (the width of the fracture process zone increases according to e.g. Pijaudier-Cabot et al. [41] , but decreases after e.g. Simone [42] ). In turn, other researchers conclude that the characteristic length is not a constant and it depends on the type of the boundary value problem and the current level of damage [43] . Based on our both numerical simulations of concrete and reinforced concrete beams under bending and experiments using a digital image correlation DIC technique in order to measure the width of a localized zone on the concrete surface [44] [45] [46] , the characteristic length l c of micro-structure was found to be about 5 mm in usual concrete (using the Gauss distribution function). A proper non-local transformation requires that a non-local field corresponding to a constant local field remains constant in the vicinity of a boundary. The applied weighting function satisfies the normalizing condition [33] 
The constitutive models where implemented into the Abaqus Standard program [15] with the aid of the subroutine UMAT (user constitutive law definition) and UEL (user element definition). For the solution of a non-linear equation of motion governing the response of a system of finite elements, a modified Newton-Raphson scheme was used (Section 2). The calculations were performed with a symmetric elastic global stiffness matrix instead of applying a tangent stiffness matrix (the choice was governed by access limitations to the commercial software Abaqus [15] . The procedure yielded sufficiently accurate and fast convergence. The magnitude of the maximum out-of-balance force at the end of each calculation step was smaller than 1% of the calculated total force on the specimen. To satisfy the consistency condition f = 0 in elasto-plasticity, the trial stress method (linearized expansion of the yield condition about the trial stress point) using an elastic predictor and a plastic corrector with the return mapping algorithm [47] has been applied. The calculations were carried out using a large-displacement analysis. In this case, the actual configuration of the body is taken into account. The Cauchy stress was taken as the stress measure. The conjugate strain rate was the rate of deformation. The rotation of the stress and strain tensor have been calculated with the Hughes-Winget method [48] . A non-local averaging have been performed in the current configuration. This choice was governed by the fact that element areas in this configuration were automatically calculated by Abaqus [15] . The implicit dynamic analysis (including inertia forces) was used based on the Newmark method [15] .
FE results for quasi-static cyclic and monotonic concrete tests
Due to the lack of accompanying monotonic and cyclic uniaxial laboratory tests, a general calibration procedure could not be applied to a coupled elasto-plastic-damage model. Therefore, the material constants were found by means of preliminary FE analyses in order to satisfactorily match numerical results with experimental ones.
Cyclic uniaxial compression and tension.
First, a simple cyclic tension-compression-tension element test was calculated with the following constants: Figs. 1 and 2 show the different stiffness degradation during compression and tension (that is stronger in tension). A recovery of the compressive stiffness upon crack closure and un-recovery of the tensile stiffness as the load changes between tension and compression is satisfactorily reflected. Moreover, the tensile stiffness is not recovered when the load varies between compression and tension. For a better adjustment of the theoretical results to the experimental material behaviour, the scale factors should lie between 0 and 1. The evident difference between a pure damage model (without plastic strains) and coupled one (with plastic strains) during one uniaxial load cycle is demonstrated in Fig. 2 . The effect of the damage scale factors a t and a c on the load-displacement diagram under tension-compressiontension is described in Fig. 3 by assuming a t = 0.2 and a c = 0.8. This change of both factors is stronger in compression. Finally, Fig. 4 demonstrates the 2D FE results with the coupled constitutive model for a concrete specimen subjected to uniaxial cyclic compression by taking strain localization into account. All nodes at the lower edge of a rectangular specimen were fixed in a vertical direction. The size of the specimen was arbitrarily chosen: 15 cm (height) and 5 cm (width). To preserve the stability of the specimen, the node in the middle of the lower edge was kept fixed. The deformations were initiated through constant vertical displacement increments prescribed to nodes along the upper edge of the specimen. The lower and upper edges were smooth. c) calculated and experimental [7] stress-strain curve
The number of triangular finite elements was 896 (the size of elements was not greater than 3×l c [11] ). The material constants were: E = 30 GPa, ν = 0.18, σ yc = 20 MPa, φ = 25
• , ψ = 10
• , η 1 = 1.2, η 2 = 0.7, δ = 800, l c = 5 mm, a t = 0.0 and a c = 1.0. To induce strain localization, a weak element was inserted in the middle of height, on edge of the specimen. The calculated stress-strain curve was qualitatively compared with the experimental one by Karsan and Jirsa [7] .
The calculated stress-strain curve (Fig. 4c) is qualitatively the same as in a cyclic compressive experimental test [7] with respect to material softening and stiffness degradation. The calculated thickness of a localized zone is 3.4 cm (6.8×l c ) and the inclination to the horizontal is about 45
• (Fig. 4b ). These results are very similar as those within elasto-plastic calculations [37] . The shear zone inclination is significantly higher (and more realistic) than this obtained with a simple non-local isotropic damage model [42] , that was smaller than 35
• -40 • .
Four-point cyclic bending of notched concrete beams.
The comparative 2D numerical simulations were performed with a concrete notched beam under four-point cycling bending subjected to the tensile failure [9] . The length of the beam was 0.5 m and the height 0.1 m. The deformation was induced by imposing a vertical displacement at two nodes at the top of the beam. In the calculations, the modulus of elasticity was E = 40 GPa, Poisson ratio ν = 0.2 and characteristic length l c = 5 mm. The concrete tensile strength in experiments was varied between f t = 2.49 MPa and f t = 4.49 MPa. The calculations were performed with 7634 triangular finite elements. The size of elements was not greater than (2-3)×l c to obtain objective FE results [11, 37, 46] . The following constants were used in calculations σ yt0 = 6.5 MPa, H p = E/2, κ 0 = 4.3 × 10 −5 , β = 650, α = 0.90, η 1 = 1.2, η 2 = 0.15, δ = 450, a t = 0 and a c = 1 (damage was based on elastic strains).
The calculated force-displacement curve (Fig. 5 ) exhibits good agreement with experimental outcomes. A calculated stiffness decrease is almost the same as in the experiment. The magnitude of a stiffness reduction is well reflected due to differentiation of the stiffness degradation under tension and compression. The calculated width of the localized zone above the notch is about 2.4 cm (4.8 × l c ) (Fig. 5) . Fig. 5 . The calculated load-displacement curve compared with experiment [9] and calculated localized zone above notch in concrete beam 5.3. Shear-tension failure of short reinforced concrete beam. The behaviour of short reinforced concrete beams with high longitudinal reinforcement and without stirrups subjected to the mixed shear-tension failure were simulated with the FEM. The results were compared with the corresponding laboratory tests carried out by Walraven and Lehwalter [49] . In experiments, the beam length L varied between 680 mm and 2250 mm and the height h was between 200 mm and 1000 mm (the beams' width b was always 250 mm). The cylinder compressive strength of concrete was about f c = 20 MPa. In turn, the cylinder splitting tensile strength of concrete was about f t = 2 MPa. The longitudinal reinforcement ratio of the specimens was 1.1% (yield strength was 420 MPa). The beams were incrementally loaded by a vertical force up to the peak applied at a mid-span of each beam. During loading, first, at about 40% of the failure load, bending cracks appeared. Afterwards, at about 45-50% of the failure load, the first inclined crack occurred. The beam failure took place in a gradual gentle way in shear compression by crushing concrete adjacent to the loading plate initiated by a formation of short parallel inclined cracks. Based on preliminary calculations, the following constants were assumed for FE calculations: σ y0 = 3.0 MPa (tension), 30 MPa (compression), H p = E/2, κ 0 = 1.1 × 10 −4 , β = 150, α = 0.90, η 1 = 1.1, η 2 = 0.65, δ = 600, a t = 0 and a c = 1 (damage was based on elastic strains, l c = 5 mm).
The results with a coupled elasto-plastic-damage model for the beam with the height of h = 400 mm are given in Figs. 6 and 7. The calculated maximum vertical force is in a reinforced concrete beam in good agreement with the experimental value [49] . The maximum vertical forces differed by 3%-23% from the experimental ones in calculations with other beams (the highest difference was for the largest beam).
The calculated geometry of localized zones is also in satisfactory agreement with the experimental ones. At the beginning of a loading process the straight localized zones occur, next curved zones start to develop, finally the growth of high steep shear zones leads to failure.
Finally, Fig. 8 shows a comparison between the calculated and experimental deterministic size effect in beams: the shear stress V /(bdf c ) at failure as a function of the effective beam depth. In addition, the size effect law by Bažant [1] is enclosed. The experimental, numerical and theoretical are similar and the beam strength shows strong size dependence on the beam height. In numerical simulations, the homogeneous specimen was fixed at the lower and upper edge and the uniform vertical velocity was imposed along the upper boundary (Fig. 9) . The FE results of Figs. 10a and 11a are evidently meshdependent in a softening range during the slow process since the intersecting shear zones are confined to one row of finite elements and a different response in a post-peak regime was obtained for each mesh (Fig. 10a) . Thus, the viscous terms are simply not sufficient to properly regularize the initial value problem. In turn, for the fast process, the mesh-dependence does not occur (Figs. 10b and 11b ) and shear zones have larger widths than one element row. For all meshes, the width of the shear zone is very similar and equal to 22 mm (Fig. 11b) . The numerical results (geometry of localized zones and forcedisplacement curves) are almost the same as in [4] .
The effect of a non-local approach on FE quasi-static results within elasto-visco-plasticity is demonstrated in Figs. 12 and 13 (τ = 2 × 10 −6 s). Due to the presence of a characteristic length of micro-structure (l c = 5-15 mm) in an inviscid phase, the widths of shear zones are also mesh-independent (wider than one row of elements) for the slow loading process (Fig. 12A) . The width of a localized zone increases obviously with increasing l c (Fig. 12A ): 6.7 mm (l c = 0 mm), 13.5 mm (l c = 5 mm) and 24 mm (l c = 15 mm). During fast loading process, the overlapping effect of both the non-locality and viscosity occurs. Thus, the width of localized zones increases: 22 mm (l c = 0 mm), 25 mm (l c = 5 mm), 31 mm (l c = 15 mm) and their edges become smoother (Fig. 12B) . In addition, a post-peak response exhibits smaller discrepancies (Figs. 13a and 13b) . Next, the effect of several different strain ratesε ranged from 10 −5 1/s up to 100 1/s on the dynamic concrete behaviour was investigated (Figs. 14-16 ). The numerical strength results were compared with the compressive dynamic increase factor (CDIF) according to the CEB recommendations [50] based on laboratory experiments (in the form of a bilinear function of the factor CDIF of the strain rateε in a logarithmic scale).
First, the dynamic FE results using the visco-plastic model (simulation #1, τ = 2 × 10 −5 s) and elasto-plastic model (simulation #2) with non-local softening (l c = 5 mm) were compared during 2D and 3D calculations (Fig. 14) . The calculated dynamic increase factor is underestimated as compared to CEB for the strain rateε < 1 1/s (the same re-
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sults were obtained atε ≤ 1 1/s). In turn, for high strain rates (ε > 10 1/s), the calculated dynamic increase factor is overestimated since material fragmentation is not taken into account. An increase of CDIF is more pronounced in real 3D simulations than in simplified 2D analyses. In simulations with viscosity, CDIF increases faster than in non-viscous simulations (atε > 10 1/s). The shape and width (about 30 mm) of shear zones and load-displacement curves are practically the same atε ≤ 1 1/s (Figs. 15 and 16 ). The shape of localized zones starts to evidently change atε > 10 1/s. For the highest strain ratė ε = 100 1/s, the localized region is concentrated close to the upper surface (Fig. 15) , and the material indicates a stiffer response in the elastic domain and a more brittle response in a softening range (Fig. 16) . 
Uniaxial tension.
A dumbbell-shaped specimen was assumed as in the experiments by Yan and Lin [51] (Fig. 18) .
The following material parameters were assumed in FE calculations: E = 29.0 GPa, ν = 0.15 and the tensile yield stress σ yt0 = 2 MPa with linear softening (H = 0.65 GPa). The numerical dynamic analyses were performed with the varying strain rate (10 −5 -10 1 1/s). Similarly as in uniaxial compression, the FE results show that the dynamic increase factor is underestimated as compared to the both experiments [51] and CEB recommendation [50] for the small strain ratesε < 1 1/s and overestimated for the large strain ratesε ≥ 1 1/s a (Fig. 19 ). An increase of a viscosity parameter leads to a better accordance atε < 1 1/s. For higher strain rates, the calculated dynamic factor is close to CEB with the very small viscosity parameter τ = 10 −6 s only. For simulations without viscosity, the strength's growth with increasing strain rate is not obtained. For slow strain rates (ε < 10 −1 1/s), a localized zone is created in the mid-region close to the specimen widening (the zone width is about 23 mm) (Fig. 20) . Forε = 1 1/s two localized zone are created in the specimen mid-region with the width of 21 mm. In turn, atε = 10 1 1/s, a localized zone is concentrated close to the specimen top. Atε > 1 1/s, the maximum vertical force significantly grows with increasingε (Fig. 21) .
Conclusions
The following conclusions can be derived from our FE analyses:
The FE quasi-static calculations demonstrate that our coupled elasto-plastic damage models enhanced by a characteris-
